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Abstract 

We consider arrangements of n connected co dimensional one submanifolds in closed d - 
dimensional manifold M. Let / be the number of connected components of the complement in 
M to the union of submanifolds. We prove the sharp lower bound for / via n and homology 
group H(i-i(M). The sets of all possible / - values for given n are studied for hyperplane 
arrangements in real projective spaces and for subtori arrangements in d - dimensional tori. 

Introduction 

The theory of plane arrangements in afnne or projective spaces has been investigated rather 
thoroughly, see the book of P. Orlic, H. Terao, jl] and V. A. Vassiliev's review j8]. Inspired by a 
conjecture of B. Griinbaum [2], N. Martinov [3] found all possible pairs (n, f) such that there is 
a real projective plane arrangement of n pseudolines and / regions. It turns out, that some facts 
concerning arrangements of hyperplanes or oriented matroids could be generalized to arrangements 
of submanifolds, see P. Deshpande dissertation [[]. So we are going to study the sets F(M,n) of 
connected components numbers of the complements in the closed manifold M to the unions of n 
closed connected codimensional one submanifolds. Sometimes it seems reasonable to restrict the type 
I of submanifolds, for example, author [7] found sets F(M, n) of region numbers in arrangements of 
n closed geodesies in the two dimensional torus and the Klein bottle with locally flat metrics. 

Homological bound of the number of connected components 

Let M n be connected n-dimensional smooth compact manifold without boundary, let A$ C M n 
. be distinct connected (n — l)-dimensional closed submanifolds in M n for 1 < % < k. Let us consider 
the union 

k 

A = {jA t . 

i=l 

We shall denote by / the number \n (M n \A) \ of connected components of the complement to A in 
M n . Let UA be regular open neighbourhood of A in M n . Let 

/ 

M n \UA = \_\Nj, 

3=1 

where Nj are the connected components of the complement to UA in M n . If M n and all submanifolds 
Ai are orientable, then we assume G = Z. If some A^ or M n is not orientable, then G = Z 2 . 
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Lemma 1. If closed (n — 1) - dimensional submanifolds A; L C M n , « = 1, . . . , k intersect each other 
transver sally, then 

dim H n ^(U A, G) = dim H n ^(A,G) > k 

Proof. The regular neighbourhood of UA is homotopically equivalent to A and so all homology 
groups of A and UA are the same. By induction on k let us prove 

dimif n _i (uf =1 A,G) > k. 

It is obvious for k — 1 because for connected closed (n — 1) - dimensional manifold if n _i(Ai, (?) = (?. 
Suppose the statement is true for k — 1 submanifolds and let us prove it for k submanifolds. Let 

fc-i 

A'=\J A. 

i=i 

Then by induction assumption 

dimif n _i(A',G) > k - 1. 
By Meyer- Vietoris exact sequence for pair A', A fc we have: 

— >• fl"„-i(A' n A fc ) — >■ if„_i(A') © f/-„_i(A fc ) — > fZ-„_i(A' u A fe ) — ► 

As submanifolds Ai and Aj intersect transversally then A' n is a finite union of at most (n — 2) 
- dimensional submanifolds in M n . Hence H n _i(A' fl = and the map 

if„_l(A') © // n -l(^) — ► #„-l(A' U A fc ) 

is monomorphic. Therefore, 

dim H n ^(A' U A fc ) > dimtf^A') + dim# n _i(A fc ) > fc. 

□ 

Lemma 2. 

# n (M n , CM, (?) = (?' 

Proof. 

# n (M", CM, G) = H n (M n /UA, G) = 

= H n (u^Nj/ U f j=1 dN j: (?) = tf n (v^Nj/dNj, (?) = 

/ 

= @H n (N j /dN j ,G) = Gf, 

where n > 1, V is one point union, if n is the reduced homology group, <9iVj is the boundary of iV,-. 
□ 

Theorem 1. Let Ai,...,A k be connected closed codimensional one submanifolds in a connected 
closed n - dimensional manifold M n . Suppose that the submanifolds Ai intersect each other transver- 
sally and A = UjA- Then 



\ir (M n \A)\ > k + 1- dim H^M 71 ^), 



where G is chosen as before. 
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Proof. Let us write the exact homological pair sequence for inclusion i : UA — > M n with coefficients 
in G: 

H n {UA) — ► # n (M n ) — > H n (M n , UA) — > H n ^(UA) — >• # n _i(M n ) — > 

Notice that 

# n (fL4) = # n (A) = 0, F n (M n ) = G. 
It follows from the exactness of sequence in H n (M n ), that the map 

W — ># n (M ra ,£/A) 

is monomorphic. By lemma [2] 

H n (M n , UA, G) = G f 

One can see that 

dimif„_i([/v4) < dimlm<9* + dimlmi*, 
where the homomorphisms are 

& : # n (M n , £M) — > H n ^(UA), : H n ^(UA) — > H n ^(M n ). 

Notice that 

dimlnrz* < dimif^^M"), dimlm<9* < / — 1. 
By lemma ffl dim H n „ x (U A) > k and so fc < / - 1 + dimiJ n _ 1 (M"). □ 

Remark 1. One can see that the inequality of the theorem is sharp for arrangements of 

n > dim H n ^(M n ) 

submanifolds in projective spaces, spheres, n - dimensional tori and Riemann surfaces of genus g. 

Toric arrangements 

Definition 1. By a flat d - dimensional torus T d we mean a quotient of affine d - dimensional 
space by a nondegenerate d - lattice Z d (which is not surely integer lattice). A codimensional one 
subtorus is given by equation 

^ Oj%X{ c, 
i 

where a, are rational, Xi are coordinates of M. d in some lattice basis, c is real. 

A codimensional one subtorus is closed submanifold of T d homeomorphic to {d — 1) - dimensional 
torus. Let A be the union of n codimensional one subtori in the flat d - dimensional torus T d . Consider 
the connected components of the complement T d \ A; denote the number of connected components 
by / = |tto (T d \ A) |; let F (T d , n) be the set of all possible numbers /. 

Theorem 2. For n > d 

F (T d , n) 2 {n - d+ 1, . . . , n} U {I e N | I > 2(n - d).} 
For2<n<d we have F (T d , n) = N. 
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Proof. Let T d = M. d /Z d and e be the basis of Z d . Let (x\, . . . ,Xd) be the coordinates of M. d in the 
basis e. We shall construct examples for < n and > 2n — 2d regions separately. 
Let us consider n hyperplanes in M. d (an equation corresponds to a hyperplane): 

Xi = 0, 1 < i < k, 
x k+ i = Ci_ k , k + 1 < i < n 

for some integer k, < k < d — 1 and real Ci-t with different frctional parts. By the factorization 
map W d — > M. d /Z d we shall get a set {Zf _1 ,i = 1, . . . ,n} of n codimensional one subtori. And the 
complement is homeomorphic to the prime product 

r d \\Jrr - ffi* x (s 1 \ {p!, . . . , Pn _ fc }) x (sy-*- 1 , 

where 5 1 \ {pi, . . . ,p n -k} denotes a circle without n — k points. Hence the number of complement 
regions equals n — k, for an integer k such that < k < d — 1. 

Now let us take integer nonnegative k and construct an arrangement with 2n — 2d + k connected 
components of the complement. We shall determine the subtori by equations: 

Xi = 0, for 2 < i < d, 
1 

x 2 = kxi + -, 
Xi = Cj for j = 1, . . . , n — d, 
whereas numbers kcj + 1 are not integer for any j. ( This means that the intersection of three subtori 

x 2 = kxi + -, xi = Cj, x 2 = 
is an empty set.) One may see that 

d 

T d \ \J{ Xi = 0} w T 2 x M d - 2 . 

i=3 

In the two-dimensional torus the equations 

x 2 = 0, 

1 

x 2 = kxi + -, 
X\ = Cj for j = 1, . . . , n — d 

produce the arrangement of n — d + 2 closed geodesies. The geodesies' union divides the torus into 
2n — 2d + k connected components (for more details on arrangements of closed geodesies in the flat 
torus see author's paper [7]). □ 

Conjecture 1. It seems believable that the inclusion in the theorem is indeed the equality for all 
d > 2 and n > d. Yet the equality is proved for d = 2 in |W. 

Sets of region's numbers in hyperplane arrangements 

By an arrangement of n hyperplanes in the real projective space MF d we mean a set of n hyper- 
planes, such that there are no point belonging to all the hyperplanes. The arrangement produce the 
cell decomposition of the MF d ; let / denotes the number of open d- cells. Let denotes the set 
of all possible numbers / arising in arrangements of n hyperplanes in MP d . Let m be the maximal 
number of hyperplanes, passing through one point. 
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Lemma 3. For arrangements of n hyperplanes in MF d we have 

r d-2j ■ 
j=0 U m-2j 



f>(m-d + l)J2 



Proof. It follows from Zaslavsky formula for number of regions and some inequalities concerning the 
Mobius function of the arrangement poset. □ 

Lemma 4. For arrangement of n hyperplanes in the real projective space WF d 

f > (n - m + l)(m - d + 2)2 d ~ 2 . 

Proof. Let m hyperplanes Ai,...,A m have nonempty intersection Q (Q is a point). The family 
Ai, . . . , A m is a cone over some arrangement B of m planes in MP d_1 . The number f(B) of regions in 
arrangement B could be estimated (see Shannon paper [5], where this result is referred to McMullen) 

as: 

f{B) > (m - d + 2)2 d - 2 . 

Each of the remaining hyperplane of the former arrangement intersects the family Ax, . . . , Af. by an 
arrangement Bi, projective equivalent to B. Thus 



/ > f(B) + fW = (n-m + l)f(B). 



□ 



Theorem 3. Let d > 3 and n > 2d + 5. Then the first four increasing numbers of F^ are the 
following: 

(n-d+l)2 d -\ 3(n-d)2 d ~ 2 , (3ra - 3d + l)2 d ~ 2 , 7(n-d)2 d -\ 

Proof. We are going to prove that the four mentioned numbers are the only realizable ones among 
numbers not greater then 7(n — d)2 d ~ 3 . After it one may see how to construct examples of arrange- 
ments with required numbers /. Let us prove that if m < d + 1, then 

/ > 7(n - d)2 d - 3 . 

For m = d we have an arrangement of hyperplanes in general position and the number of regions is 
the largest possible. If m = d+ 1, then by lemma [3] we have 

g« »(n-l)(n-2)(n-8) (n-t + 2) _ > . ^ 

J ~ n-d 3 d+1 d d-1 4 v ; ~ v ; 

because n > 2d + 5. 

Now we prove the theorem for d = 3, n > 11. Let us consider three cases. 

1. If m = n — 1, then / = 2y9, where G The set is known due to N. Martinov [3 J 

{/ G F%\ | / < An - 16} = {2n - 4, 3n - 9, 3n - 8, 4n - 16}. 

^. m = n — 2. The arguments are the same as in the inductive step further (Martinov theorem 
[3] for the set Fn is also used). 

3. If 5 < m < n — 3, then by using lemma H] we have 

/ > 2(n - m + \){m - 1) > 8n - 32 > In - 21 

for n > 11. 
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Now we use induction on d > 3. Base is the validity of the theorem for d = 3. The assumption is 
the validity of the theorem for all integers 3 < d' < d and n' > 2d' + 5. To prove the induction step 
we shall consider three cases. 

1. If m — n — 1, then / — 2p, where (p G F n —\ ^ ■ By induction assumption for the set F^_± 
(note that n — 1 > 2{d — 1) + 1) we get that either (p is equal to one of four numbers 

{n-d+l)2 d -\ 3(n-d)2 d - 3 , (3n - 3d + l)2 d ' 3 , 7{n-d)2 d -\ 

or <p > 7(n - d)2 d ~ 4 . 

2. m = n — 2. Consider n — 2 hyperplanes pi, ■ ■ ■ ,p n -2, passing through one point. These hyper- 
planes cut WP d into <p regions and (p G F^i^. Let I denote the intersection of the two remaining 
hyperplanes. By the inductive assumption we have either 

(p=(n- d)2 d - 2 or <p > 3(n - d - l)2 d ~ 3 

(note that assumption may be used as n — 2 > 2(d — 1) + 5). If 

n-2 

l e \Jpi 

then f — 3(p and the case is over. If 

n-2 

H{JPi 

i=i 

then let B be the set of planes pi D I in the /, where / is regarded as the ambient (d — 2) - dimensional 
projective space. One may prove, that B is an arrangement of at least n — 3 planes in I. Then 
/(-S) > (^ ~ cf)2 d ~ 3 by Shannon theorem [5]. Since 

f = 3p + f(B) > 7(n - d)2d - 3, 

the case is over. 

3. lid + 2<m<n — 3 then by lemma H] we have 

f>(n-m + l)(m-d + 2)2^ 2 > (An -Ad- A)2 d ~ 2 > 7(n - d)2^ 3 
for n > d + 8. □ 
Lemma 5. For arrangement of n hyperplanes in the real projective space WF d 



f>2 



n 2 — n 



m — d+ 5 



Proof. It follows from the similar inequality for arrangement of lines in the projective plane, see 
details in [6]. □ 

Theorem 4. First 36 increasing numbers of the set Fn for n > 50 are the following (i.e. all 
realizable numbers up to 12n — 60 j 

An - 8, Qn - 18, 6n - 16, 7n - 21, In - 20, 8n - 32, 8n - 30, 8n - 28, 
8n-26, 9n-36, 9n - 33, 9n - 31, 9n - 30, lOn - 50, 10n - 48, lOn - 46, 
10n-44, 10n-42, 10n-40, 10n - 39, lOn - 38, lOn - 37, 10n - 36, lOn - 35, 
lln-44, lln-43, lln - 42, lln-41, lln-40, 12n - 72, 12n - 70, 12n - 68, 

12n-66, 12n-64, 12n - 62, Yin - 60. 
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Proof. Let m be the maximal number of hyperplanes, passing through one point. Examples for this 
numbers could be constructed for arrangements with m > n — 5. Let us prove that there are no 
other realizable numbers, smaller then Yin — 60. Consider three cases. 

1. It m > n — 5, then by enumeration of possibilities we have that either / belongs to given set 
or / > Yin - 60. 

2. If 8 < m < n — 6, then by lemma H] we have / > 7n — 49. 

3. If m < 7 then by lemma 

2 

77/ — 

/ > 2 > 12n-60 

J - 9 - 

for n > 50. □ 
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